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1 Introduction 



Constrained mechanical systems make up an important category of classical dynam- 
ical systems. We consider the case where the constrained system is described by a 
symplectic manifold S (the "unconstrained" phase space of the system) together 
with a Lie group H, which has a Hamiltonian action on S, and a corresponding 
equivariant momentum map Jh '■ S —>■ h* where h is the Lie algebra of H and h* is 
its dual. The constraints are given by J// = /i for some fixed /i G h*. Subject 
to certain technical assumptions, the reduced phase space of the system (i.e., the 
true phase space of the system in which the constraints are automatically satisfied) 
is then a quotient manifold of J~^(/i) and inherits a symplectic structure from S 
[p2| ; this particular method of identifying the reduced phase space is called Marsden- 
Weinstein reduction. A key point is that this quotient manifold is symplectomorphic 
to a symplectic leaf in the Poisson manifold S/H |2^, |19|. The Poisson bracket on S 
drops to one on S/ H (since H acts symplectically on S) and this defines the Poisson 
structure on S/H. 

We concentrate on the case where S* is a cotangent bundle T*N . We assume 
that H acts freely on so that we may consider {N, Q, H, vt^v-^q) to be a principal 
fibre bundle with total space A^, base space Q = N/H, projection ttn^q, and where 
the Lie group H acts on the right of A^. Thus H acts on 5* = T*A^ by cotangent lift 
and there is always an equivariant momentum map for this action [|^ . The reduced 
phase space is then a symplectic leaf in (T*N)/H. 

One important physical interpretation, originally due to Sternberg, of this type 
of constrained system, is well known in the context of a charged particle moving on 



Q in the presence of an external Yang-Mills field with gauge group H |4^, |3^, [13 
Specifically S/H = {T*N)/H is the "universal phase space" of the particle. There is 
a one-to-one correspondence between the symplectic leaves of S/H and the coadjoint 
orbits in h*. Each of the latter represents a different possible charge of the particle 
so that S/H, which is foliated by its symplectic leaves, is composed of the phase 
spaces corresponding to every possible charge. In respect to this example we often 
refer to Q as the configuration space and H as the gauge group. 

Naturally the construction of the quantum mechanical system corresponding to a 
constrained mechanical system has aroused much interest. Recall that quantization 
tries to associate to each classical system (described by a symplectic manifold S) a 
Hilbert space, Ti, of quantum states and a map from the space of classical observables 
(smooth functions on S) to the space of symmetric operators, O, on H. Each 
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classical observable / G C°°{S) should correspond to an operator f E O such that 
(Qi) the map / — > / is linear (over R); 

(Qii) if / = Is, then / = 1-?^, where 1 denotes the identity operator; 
(Qiii) if {/i, /2} = /3 then [A, A] = zhf,. 

Additionally, some sort of irreducibility condition is also imposed. When 5* = T*Q is 
a cotangent bundle the operators q and p corresponding to {q,p) G T*Q are required 

to act irreducibly whilst when 5 is a coadjoint orbit the map / — * / must give an 
irreducible representation of the generators of the symmetry group. In order to 
meet this requirement of irreducibility, restrictions are imposed, in all quantization 
schemes, on the class of observables that can be quantized. However, for a general 
symplectic manifold there appears to be, in the literature, no definite statement of 
the irreducibility requirements. We shall find though, that our method associates 
with quantization a representation of a Lie group which is, in general, irreducible, 
thus meeting any reasonable irreducibility requirement. 

Much work |Tl|, ^, |T^, Q has been done on the quantization of the reduced 



phase spaces of constrained systems and of a particle in a gauge field, most notably 
by Landsman for the case of homogeneous configuration spaces using induced 



representations and for the general case using Rieffel's notion of "strict 

deformation quantization" and Rieffel induction respectively. However, these ap- 
proaches suffer from the inability, in general, to quantize classical observables which 
are unbounded. The method of geometric quantization has so far been restricted to 
comparing the quantization obtained by first solving the constraints (i.e., reduction) 
and then quantizing the reduced space or quantizing the extended phase space and 
then imposing the constraints at a quantum level. However, in the setting that we 
work in, it was found [jll| that the two approaches were equivalent only if the reduced 



phase space was symplectomorphic to a cotangent bundle and thus the geometric 
quantization of the reduced phase space was restricted to this rather special case. 

Another notable contribution is in the area of homogeneous configuration spaces 
Q. This study was initiated by Mackey p8[ and was extended by Isham |jl8|, who 



used a group-theoretic approach to identify a particular semi-direct product group, 
Q, which acted on the phase space T*Q of the system. Quantization then corre- 
sponded to assigning quantum operators to be generators of an irreducible unitary 
representation of the group Q. However, as in general, there is more than one such 
representation of this group, many different inequivalent quantum systems arise 
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from the study of the same configuration spaces. We will see that these correspond 
to the geometric quantization of different symplectic leaves of (T*G)/H where G 
is a Lie group {H C G) so that G/H is the homogeneous space Q. (Note that 
T*Q C (T*G)/H.) Indeed, the underlying motivation for this paper was the antici- 
pation of this result, which was based upon two previously known results. Firstly, it 
has been shown that the symplectic leaves of (T*G)/H are symplectomorphic 
to certain coadjoint orbits in the dual of the Lie algebra of Q. Whilst secondly, 
Rawnsley has shown that the geometric quantization of these orbits leads to the 
induced representations upon which Mackey theory is based. 

One important feature of Isham's approach was the use of a momentum map to 
relate the classical observables with their quantum operator counterparts. Specif- 
ically if ^ is a Lie group, with Lie algebra C{Q), which acts on the symplectic 
manifold M and J : M — > is a corresponding equivariant momentum map 

then, given a representation tt of Q, a "quantizing map", Qn, can be given which 
relates classical observables to quantum operators. Explicitly, 

QniJiA)) = hdniA), (LO.l) 

where J : C{g) G^{M) is defined by (J(m),A) = (J(A))(m) and rfvr is the 
derived Lie algebra representation, where we are following the convention that 

(L0.2) 

t=o 

The general properties of a momentum map then ensure that condition (Qiii) above 
is automatically satisfied. The subclass of observables that can be quantized by 
is clearly {J{A) : A G ^{Q)}. Clearly, this approach hinges on the ability to choose 
Q and tt correctly. 

This paper uses the geometric quantization framework of Kostant and Souriau 
to give a complete quantization of the constrained mechanical system whose reduced 
phase space is [symplectomorphic to] a symplectic leaf in {T*N)/H. In particular, 
our only assumptions are that the space N has a Riemannian structure with an 
if-invariant metric (so that Q inherits a metric from A^) and that the gauge group 
if is a connected and compact Lie group. We are able to combine naturally the 
group-theoretic and geometric quantization approaches, finding on the way how 
each sheds light on the other. In particular, we are able to present our results in the 
language of representations so that the quantum operators are given as generators of 



d7r{A) = i ^vr(e*^) 
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a representation of a Lie group, together with a corresponding momentum map which 
exphcitly hnks the quantum operators with their classical observable counterparts 
in the manner described above. Thus, no knowledge of geometric quantization is 
required in order to appreciate the results found. 

Our presentation relies very heavily on the combination of the symplectic for- 
mulation of constrained mechanical systems with the method of geometric quan- 
tization. Since no one source adequately presents both theories in the detail and 
manner needed, a short review of both is given in sections and |^ respectively. In 
particular, the final subsection of section |^ gives a new result regarding the action of 
the semi-direct product group, Q = Aut N x C°°{Q), of fibre preserving diffeomor- 
phisms of and smooth functions on Q on the phase space of the reduced system. 
This group action has a corresponding momentum map and the idea is to quantize 
in the style of ( |1.0.1| ). Indeed section || can be regarded essentially as justifying this 



choice of Q and showing which representation tt of ^ is to be chosen in the right 



hand side of (|1.0.1| ). Subsection |4j explicitly compares our approach with that of 
Isham's for homogeneous spaces. 

Section ^ reviews very briefly the method of geometric quantization and ends 
with subsection |3.2| where a known result, concerning the induced representation 
found from [geometrically] quantizing a coadjoint orbit, is restated with slightly 
weaker conditions. Finally, section ^ forms the heart of the paper. Using geometric 
quantization the reduced phase space is quantized. We find that, using a particular 
polarization, the subclass of observables that can be quantized is the same as that 
predicted by use of the group Q = Aut A^ k C°°{Q). We then show that the corre- 
sponding quantum operators are generators of a representation vr of Q, the choice of 
TT depending on which symplectic leaf of {T*N)/H we are quantizing on. Along the 
way we find that the Aharanov-Bohm effect is a natural consequence of our quanti- 



zation and also that the nonintegrable phase factor of Wu and Yang |^ appears in 
the analogous result for the case when the gauge group is non-Abelian. Using the 
results of we are able to give a Hamiltonian for the quantum system which then 



completes the quantization of the constrained system. 
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2 Constrained Mechanical Systems 



2.1 Dual pairs and momentum maps 

We start by reviewing the basic ideas of dual pairs and momentum maps which 

provide great insight into the theory of Marsden-Weinstein reduction. The main 

references for this subsection are Weinstein |^4|, Choquet-Bruhat et al P, chapter 

12] and Abraham and Marsden [|l|. 

A useful idea is the notion of a realisation of a Poisson manifold M. This is a 
symplectic manifold S together with a Poisson map J : S ^ M. A Poisson map is 

one which preserves the Poisson bracket, i.e., 

{J*F, rG}^ = J*{F, G}„ VF, G e G^{M). 

We are interested in the case when the fibres J~^{m), m G M, define a foliation 
$ of S" in such a way that 5*/$ is a manifold and so if vr : 5 — 5'/$ is the canonical 
projection, the space 7r*C°°(5'/$) is a Lie sub-algebra of C°°{S) and coincides with 
J*C°°{M). We denote the functions constant on the leaves of $ by J^q, and the 
functions which Poisson commute with all elements of Tq, by i.e., symbolically 
{J^q,,Tq,^} = 0. It can be shown that this defines a foliation of S such that 
5*/$^ is a manifold and the JF^± are functions constant on the leaves of We call 
and jF<j,± polar to each other. 

A dual pair is where we have two Poisson manifolds Mi and M2 and a symplectic 
manifold S with Poisson maps Ji, J2 between S and each Mj 

S ^Mi 

and J-'q,^ and J-'q,^ are polar to each other. The dual pair is called full if Ji and J2 are 
both submersions. However, if Ji and J2 have constant rank then Ji{S) and J2{S) 

are Poisson submanifolds and J2{S) S ^ Ji{S) is a full dual pair. Assuming 
this to be the case, then the key result is that we can define a bijection between the 
symplectic leaves of Mi and M2 (assuming that Ji and J2 have connected fibres). 
Specifically, if Jf ^(m) is connected, then J2{Ji^{m)) is a symplectic leaf of M2. In 
general, J2{Ji^{m)) will be a union of [connected] symplectic leaves of M2. 

For the case where a Lie group G acts symplectically on [the left of] a symplectic 
manifold S (i.e., the Poisson bracket is invariant under the action of G) such that 
S/G is a. manifold we can often find a momentum map J such that we have the dual 
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pair 

g; 4^ S ^ S/G, (2.1.1) 

where vr"-^ is the projection map S ^ S/G and is the dual of the Lie algebra of G 
with the "+" Lie-Poisson structure. This means we can find the symplectic leaves 
of S/G using the above result. 

Recall that the function groups corresponding to J and tt'^ must be polar to each 
other. This gives us our first condition on J. Denote the infinitesimal generator of 
the left action of G on S' by ^, i.e., 

(e(X)/)(m) = ^/(e*^ ■ m) | X G g, m G ^, / G G^{S), (2.1.2) 

where we are denoting the action of x G G on m G by x ■ m. (Note that, if G 
acts on the right on S, then e*^ ■ m in (|2.1.2| ) is replaced by m ■ e*"^ and g* now has 



the "— " Lie-Poisson structure.) Now define J : g C°°{S) to be the restriction 
of J* from G°°(g*) to g (regarding g C G°°(g*), i.e., X{6) = {6,X) for X G g and 
6^ G g*). So explicitly 

J{X){m) = {J{m),X). (2.1.3) 
Then the first condition is that J must satisfy 

{/, J(X)} = e(X)/ V/ G G^{S), VX G g. (2.1.4) 

Note that we define the Hamiltonian vector field, ^f, of / G G^{S) by C,fg = {g, /} 
for g G G°°{S), so that ( ^.1.41 ) can be written ~ ^(^)- Secondly J must also 



be a Poisson map; this is achieved by the condition that J must be equivariant, i.e., 

J(x ■ m) = Ticoix) ■ J{m). (2.1.5) 
Here nco{x) = Adl-i denotes the coadjoint action. This last condition implies that 

{j(x),j(r)} = j([x,y]), (2.1.6) 

i.e., J preserves the Lie algebra structure. With these two conditions it can be 
shown that we have a dual pair as described. 

Now, assuming that G is connected, the symplectic leaves of g* are coadjoint 
orbits. Also note that (|2.1.5| ) implies that T!''^{J^^{TTco{g) ■ Z^)) = '^'^ {J^^ {lA) ■ Thus, 
assuming the fibres J'^{fi) are connected, the symplectic leaves of S/G can be 
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written Po = {J ^{0^))/G where is a coadjoint orbit in g*. The symplectic 
form VLo on Po is given, e.g., [BO], via 



j}yVt = pr*Vto + Jq^o, (2.1.7) 

where jo '■ J~^{0) S is the inclusion, Q is the symplectic form on S, pr : 
J~^{0) Po is the projection vr*^ acting on J~^(C); and where Jo = J \ J^^{0) : 
J~^{0) O and ujo is the symplectic form on the coadjoint orbit. 

There is an alternative expression for the symplectic leaves of S/ G. If denotes 
the isotropy group of /i, i.e., 

G^ = {g EG ■.n.oig) ■ = f^}, (2.1.8) 

then the symplectic leaf Po = vr'^( J^^(yu)) ~ J^^{^)/G^ = P^. This process of iden- 
tifying or Pc)^ is called Marsden-Weinstein reduction. The symplectic structure, 
on P^ is given by = vr*^^^, where : J~^{fi) — > P^ is the inclusion map and 

TT^ : J^^{lj) P^ is the projection map. 

There is an important general result regarding the actions of a group G on a 
manifold Q. Specifically the induced action of G on the cotangent bundle T*Q (by 
cotangent lift) is symplectic with respect to the canonical symplectic form ctq = —d9o 
on T*Q. Here 6q is the canonical one-form defined by 

{eo,v)p^ = {f3g,'K,v)g G T^,(r*Q), (2.1.9) 

where (3q G T*Q and vr : T*Q ^ Q is the canonical projection. An equivariant 
momentum map for the action of G on T*Q is given by J : T*Q g* with 

(J(p,),X) = (p„e(X)), XGg. (2.1.10) 

There is a slightly different approach, at least in the language used, to finding the 
symplectic leaves of S/G. In this terminology, e.g., the submanifold J~^{fi) C S 



is called a presymplectic manifold. It has a two-form, a', given by just restricting 
the symplectic form on S to J^^{fi). The characteristic distribution of a' is 

K^ = {X: ixo' = 0} C T„(J-^(/i)) (2.1.11) 

provided the dimension of remains constant for all m G J^^{^). It follows that 
K is integrable and if M = J~^{fi)/K is a manifold then a' projects onto a well 
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defined symplectic structure o on M. This new symplectic space (M, a) is called 
the reduction of ( J~^(/i), a'). 

The link between the symplectic space M and the symplectic leaves J^^{^) /G^ 
found earlier, is that, in general, K = {G^)q, the identity component of G^. When 
G is compact or semisimple, the isotropy group is connected [|13| so i^' = G^ in 
agreement with our earlier approach. For the special case S = T*G, each /5 G T*G 
can be identified with the one-form X*j3 G T*G ~ g* where A* is the pull back of 
the left action Xxy = xy. This gives us the [left] parallelization 

T*G ^ Gxg* 

(3 ^ ix,X*J),. (2.1.12) 

Let {d^}, a = 1, . . . ,6?^ = dim G, be a basis of g* and define 6'"(x) = A*_i(i" so 
{6"'{x)} form a basis for the left invariant one-forms on G. Any element (3 G T*G 
can be expanded as /? = Pa6"'{x) and in the above parallelization this corresponds to 
P {x, Pad"') L- Hence we can use the {pa} as coordinates on T*G which are globally 
valid. For future reference, the canonical one-form in this coordinate system is 

eoix,p)=Pa9''{x). (2.1.13) 

(Note that similarly there is a right parallelization of T*G ~ Gxg* via (3 — > (x, p*/3)_R 
where p denotes the right action of G on G.) 

If G acts on the right of S" = T*G then it follows from ( p.l.lO|) that an equivariant 



momentum map is given by Jr : T*G gt with Jr{x,p)^ = p. Clearly, J'^^fi) = 
G X {/i} G. Thus G can be regarded as a presymplectic manifold with Kr^ = 
{Ly{x) : V G g^} where g^ denotes the Lie algebra of and La denotes the left 
invariant vector field on G generated by A G g, i.e., for / G G°°{G), 



{LAf){x)=j^f{xe'^] 



(2.1.14) 



The reduction of G gives, as expected, the manifold G/G^ ~ (9^ when (G^)o = G^. 



2.2 Mechanical i7-systems 



We work in the setting of what Smale calls a simple mechanical //-system. This 



means that we have a symplectic manifold T*N, together with a right action of 
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H on N {H acts on T*N by cotangent lift), a Riemannian metric on N which is 
if-invariant and a Hamiltonian, Ho : T*N — > R, of the form 

Ho{n,p) = ^\\p\\l+V{n), (2.2.1) 

where || ■ ||n is the norm induced on T*N, and where V is an if-invariant potentiaL 
We assume that H acts freely on so that we can regard N ^ Q = N/H as a 
principal fibre bundle as described in section ^ Now is if-invariant so Marsden- 
Weinstein reduction gives a reduced Hamiltonian system on the reduced space 



(or alternatively on Po^,)- Marsden |^0[ has given an explicit realisation of 
as a submanifold of T*{N/H^), where is the isotropy group of H defined in 
( |2.1.8| ) . The essential part of this realisation is what Marsden calls the mechanical 
connection. 

The locked inertia tensor l{n) : h ^ h* is defined at each n & N via 

{lin)X,Y) = {{UX),Uy))), (2.2.2) 

where ^{X) denotes the infinitesimal generator of the action of h on T*N. We 
identify I with the metric on h. Let ¥L : TN T*N be the Legendre transformation 
for the simple mechanical iJ-system (e.g., see [Q). The mechanical connection a : 
TN ^ h is defined by 

a(n, v) = l{n)-\j{¥L{n, f ))), (2.2.3) 

where J : T*N — > h* is the momentum map for the action of H on T*N. As 
mentioned in the previous section, the momentum map J : T*N h* for the [right] 



action of H on T*N is provided by means of (|2.1.1CI| ). In our present notation, 

(J(p„),^) = (Pn,eW), Xeh*. (2.2.4) 

The term mechanical connection is used because a defines a connection on the prin- 
cipal bundle N/H. The key construction, at least from our point of view, is 
the one-form on A^, defined by 

{a^{n),v) = {iJ,,a{n,v)), (2.2.5) 



i.e., = fioa. This one-form is used to define what Marsden |Q calls the shifting 
map 

hor:T*N /"^(O) (2.2.6) 

(5 ^ P-ajip). (2.2.7) 
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Now lies in J ^(/x), so, if we restrict the map hor to J ^{fJ^), and quotient by H^, 
we have a map 

hor^ : {J-\fi))/H^ ^ J'\0)/H^ (2.2.8) 

induced by p p — a^j^. Let denote the momentum map for C (so 
J/, = J r h^), then J-\0)/Hf, embeds in J^\0)/Hf, ^ T*{N/H^). Thus the map 
/ior^ embeds into T*{N/Hf^). The two-form (ia^ on drops to a two-form, 
denoted by on the quotient N/H^. (This is because is invariant under the 
action of which is the isotropy group of fi.) Let t denote the embedding of 
into T*{N/H^) via /ior^, then the key result ^ is that the symplectic form on 
is given by 

a = z*ao T ^*vr*/5^, (2.2.9) 

where tt : T*{N/H^) N/H^ is the canonical projection and ctq is the canonical 
symplectic form on T*{N/H^). The choice of sign depends on the action of if; 
specifically if if is a left [right] action then the plus [minus] sign is chosen. Note that 
neither of the two terms on the right hand side of ( |2.2.9| ) are, in general, symplectic. 
However, the sum of the two is. Locally, on a coordinate patch C N/H^, we 
can write a = cIQa- Let 6a : Ma ^ N he a (local) section, then 

eA = -i*eoTi*7^*b\a^, (2.2.10) 

where 6o is the globally defined canonical one-form on T*{N/ Hf^). 

Alternatively, in the Kaluza-Klein picture as generalised by Kerner [Q , we could 



start with a metric on Q and a connection form, a, on A^. As H is compact, a bi- 
invariant metric exists on H. The metric on A^ is induced by the connection. To 
be precise, a defines an orthogonal decomposition T„A^ = Vn® Hn, n E N, where 
the horizontal subspace, if„, is the kernel of «„. The metric on V„ ~ h is the one 
induced from the bi-invariant metric on h, whilst the metric on ii„ is the pullback 
of the metric on Q. The metric on A^ is thus if- invariant since Ph*Hn = Hnh (which 
is one of the defining properties of a connection). Note that Marsden's construction 
of the mechanical connection depends heavily on the given metric on A^; whereas in 
the Kaluza-Klein picture a given connection is used to construct a metric on A^. It 
is quite straightforward to show that if one starts with this latter case and calculates 
the mechanical connection then it is merely the connection one started with. 

For a particle in a Yang-Mills field, the relevance of the connection with regard 



to the symplectic leaves of {T*N)/H is that, as noted by Weinstein [^, until it is 
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chosen there is no natural projection of (J ^{0^))/H on T*Q\ thus the variables 
conjugate to position on Q are inherently intertwined with the 'internal' variables 
associated with (9^. Physically, this means that without a connection we cannot 
separate the particle's external momentum from its own internal 'position' and 'mo- 
mentum' which is associated with the motion on the coadjoint orbit O^. 



2.3 The symplectic leaves of {T*N)/H 



Due to the large number of fibre bundles that appear in our discussion, we denote 
the projection map of a generic bundle C with base space X by t^c-^x- For the 
special case of a cotangent bundle T*X X, we use nx for the projection map. 

To identify the symplectic leaves of {T*N)/H we use the result, due to Mont- 
gomery [Q, that T*N ~ A^* X h*, where iV* denotes the pullback of the bundle 
to a bundle over T*Q using the canonical projection ttq : T*Q —* Q. The bundle 
iV* is represented diagrammatically as 



N# 
i 

T*Q 



N 
i 

Q. 



(2.3.1) 



Further, the momentum map for the action of if, J : A^* x h* ^ h*, is given by 
J{n, v) = V. We now briefly review these results. 

The first step is that, as noted by Guillemin and Sternberg |[T^, A^* has a natural 
intrinsic realisation as C T*N , the annihilator of the vertical bundle V C TN 
{Vn C TnN is the vertical subspace, i.e., it is the subspace tangent to the fibre 
at 72 G A^). To see this, note that we can write A^* = T*Q Xq N = {{n,p) G 
A^ X T*Q : TTN^Qin) = ttq{p)}, where vrjv#^r.Q[n,p]Q = p and the projection 
pr : A^* ^ A^ is given by pr[n,p]Q = n. We can pull p back to an unique element 
i^n = t!'%^qP G T*N, which is then an element of V^. This correspondence between 
T^t,^Q{n)Q and is clearly bijective. 

Just as a connection form, a„ : TnN h, defines a unique separation of TnN 
into the vertical subspace and horizontal subspace, the dual of the connection form 
a* : h* ^ T*N defines a unique separation of T*N into A^* and h*. Specifically, a 
induces an if-equivariant isomorphism a : A^* x h* ^ T*N by 



(2.3.2) 
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where «;„ G A^* and we have identified A^* with C T*N. Recall that H acts 
on T*N by cotangent lift; the action of H on A^* x h* is the one induced by a 
and is given by ph^Hn,^) = {Ph~ii^n,'^coih^^) ■ Note that for [n,p\Q G A^*, 
Ph[n,p\Q = [nh,p]Q. Also a induces a symplectic structure on A^* x h* from the 
canonical one on T*N. 

The moment map J : A^* x h* ^ h* for the action of H on A^* x h* can be 
readily computed using the momentum map for the action of H on T*N given in 
(|XTg). We have, for X G h*, ( J(/t„, z/), X) = + (i/, a„(e(X))), where 

^ denotes the infinitesimal generator of the right action of H on A^. Hence 

J(k„, z/) = u. (2.3.3) 



Using the results of section |2.1|, we can, using a, immediately identify the symplectic 



leaves of {T*N)/H with both and P^^, where = N*/H^ and Po^ = N* Xh 



2.4 A momentum map on the symplectic leaf Pq^ - identifi- 
cation of classical observables to be quantized 

Recall in section |1| that we motivated the approach of finding a group Q which acts 
on the reduced phase space together with a corresponding momentum map. This 
allows a subclass of observables to be selected which we expect to quantize provided 
that we can find a suitable representation of Q. Isham 0] has considered the special 
case where A^ is a Lie group G (with H G G) so that Q = G/H is homogeneous. In 
particular he considered an action of G on the symplectic leaf T*{G/H) C {T*G)/H 
with a corresponding momentum map. We would like to generalise this approach 
for the present case where G is replaced by the general principal fibre bundle A^ and 
we consider any symplectic leaf in {T*N)/H. The guiding principle is that the [left] 
action of G on the bundle G ^ G / H = Q commutes with the right action of H on 
G. Hence this action of G determines a subgroup of the group of automorphisms 
of G. For the general bundle A^ this group is denoted by Aut A^ and consists of all 
diffeomorphisms, 0, of A^ which satisfy, for all h & H, 

cp{n)h = (pinh). (2.4.1) 

Note that such a determines a diffeomorphism of Q, G Diff Q, via 

0(7r(n)) = 7r(0(n)), (2.4.2) 
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where n : N ^ Q is the bundle projection. In the general case there is no natural 

finite-dimensional subgroup of Aut N, thus we are forced to consider the whole 
group. 

We regard the Lie algebra of Diff to be the set of all complete vector fields 
on A^. Unfortunately the commutator of two vector fields [^1,^2] = —[Ai, A2]lb, 
where the subscript LB denotes the Lie bracket of the two elements of the Lie 
algebra. Thus, in order to differentiate between the two brackets we will continue 
to use this subscript when considering Diff A^ (and Aut A^). 

Drawing on Guillemin and Sternberg's treatment |T^ of the action of the semi- 
direct product group Diff A^ x C°°{N) on T*N we consider the subgroup Aut A^ tx 
C°^{Q) C Diff A^ K C^iN). The group law on Aut A^ k C°°(g) being (0i,/i) • 
(02, /2) = (0i°02, /i + /2°0r^) and the Lie algebra is 

Pi, /i), {A2, f2)]LB = {[Au A2U, -AJ2 + A2/1). (2.4.3) 

Here we have identified C{C°°{Q)) with C°°{Q). Now Aut A^ k C^{Q) acts sym- 
plectically on T*N (because Diff A^ tx C°°{N) does) and the action is given by 

n^f^n = r'*m - {d7r*f)^^^), e t:n. (2.4.4) 

This choice of the group Aut A^ x C°°{Q), whose action on T*N we are interested 
in, agrees with that of Landsman . 



Guillemin and Sternberg |13| give the equivariant momentum map, J : T*N 



£(Aut N <KC°°{Q)y, for this action as 

(J(pJ, (A, /)) = A) + 7r*/(n). (2.4.5) 

Now suppose J{Pn') = J{Pn)- Clearly TT{n') = 7i{n) and hence n' = nh for some h G 
H. We thus have {p'^hi ^nh) = {Pn, An). But £(Aut A^) consists of all smooth vector 
fields on A^ that are if-invariant (e.g., see [|l^), i.e., they satisfy ph*{An) = Anh, for 
the fiow of such a vector field consists of transformations belonging to Aut A^. Hence 
PhP'nh = Pn- Thus the fibrcs of J are generated by the right action of H. Further 
the action r defined in (|2.4.4[) commutes with the right action of H; this explains 



the reasoning behind choosing it*C°°{Q) rather than C°°{N). Thus r drops to an 
action f on {T*N) /H. 

In passing, we note that there is a relation between the momentum map J and 
the dual pairs of section Specifically, let Jr be the momentum map for the right 
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action of H as given in ( |2.2.4| ). We know from section that we have the dual 
pair 

h* ^ T*N A {T*N) /H. (2.4.6) 



Now note that J{T*N) is finite-dimensional. Further, using ( |2.4.5| ), we can identify 



J{T*N) with M = {iP,q) G T*N x Q : 7rT*N-.QiP) = q} where g G Q is regarded 
as an element of /:(C°°(g))* via {q, f) = f{q) for / G /:(C°°(g)) ~ C°°(g). The 
elements of the space tt*C°°{{T*N)/H) of functions on T*N are constant on the 
fibres of J and hence this space coincides with the space J*C°°(M). Thus, we have 
the full dual pair 

h* ^ r*A^ ^ J{T*N) c C{Aut N K C°°(Q))*. (2.4.7) 

We then note that J induces a symplectic diffeomorphism, J^, which maps the 
symplectic leaf Po^ = {Jr\0^))/H C {T*N)/H to a symplectic leaf in J{T*N) C 
£(Aut IK C°°{Q)y . Furthermore, the map is a momentum map for the action 
f on {T*N)/H. 

We have thus achieved our goal and we can now write down the classical ob- 
servables we expect to be able to quantize. These are given by {J^(A, /) : A G 
£(Aut iV), / G C^{Q)} where : £(Aut A^ k C^{Q)) C'^{Po,) is given 
by (J^(A,/))[p„] = (J^[p„],(A,/)) with G Po^, cf. (|X1). Recalling that 



= N* Xh Of,, we then have for p„ = (/3„, z/) G A^# x O^, using (|2X|) 



{JM, {A, /)) = + a>, A) + 7r7(n). (2.4.8) 

Let s be a local section of the bundle N Q. This allows us to choose a specific 
element in each of the equivalence classes A^* Xh O^, so that 

{UA,f))[(3sig),iy]H = {f3si,),A) + {u,asi,){A)) + f{q). (2.4.9) 

This expression simplifies if we use local coordinates. Now N^^/H = T*Q, and 
locally Po^ is like {N* / H) x O^. Thus, let {h\ . . . ,h'^" ,q'^H+\ . . . ,q'^^) be local 
coordinates on A^, where {q'^'^'^^, . . . , g'^^) are coordinates on Q and {h^, . . . , h'^^) 
are coordinates on the fibre H. Let Pdn+ii ■ ■ ■ iVdM be the corresponding compo- 
nents of covectors on T*Q. Then we can label a point [[3s(q), i^]h in A^* by 
(g'^«+\...,g'^^,Prf^+i,...,Prf^,z/). So we can write a.(g)(A) = X{q'^"+\ . . . ,q'^^) 
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where X E h, together with {7rN^Q*A)g = v^{q'^"^^, . . . ,q'^^)^ where 7 = (if/ + 
1, . . . , d^. Thus, setting /^^(q) = vr^^gP with p = p^ydq^, we have 

+ (2.4.10) 
This gives the classical observables which we expect to quantize. 

The reduced Hamiltonian 

The Hamiltonian Hq on T*N drops to a reduced Hamiltonian on the symplectic 

leaves of {T*N)/H. In particular, when a symplectic leaf is identified with Po^, the 
reduced Hamiltonian Ho^, is given by |^ 



HoM^P^ ^) = ^ lb f +lMs{q)» + V{s{q)), (2.4.11) 

where (g, p, v) labels locally a point in A^* ^hO^^ as above. Denote by the element 
of £(Aut A^) such that ti^^q^^A^ = and a{A^) = 0. Then J^(A^, 0)[/3s(g), v\h = 
p^. Similarly denote by Ai the element of £(Aut A^) such that t^m^q^Ai = and 
a{Ai) = Tj where {Tj : J = 1, . . . , dn} is a basis for h. Hence J^{Aj, 0)[/5s(g), h']^ = 
(ujTj). We can then write the reduced Hamiltonian as 

Ho, = Ig'^^MAo., 0) J^(A^, 0) + ^l''MAi, 0)MAj, 0) + MO, Vo). (2.4.12) 

Here Vq G C°°{Q) is such that tt^^qVo = V while {ga/3} and {l/j} are the metrics 
on Q and h respectively (g„/3g^^ = 61, I^^Ikj = 6^j). 

3 Geometric quantization 

We give a brief outline of the main procedures of geometric quantization. The 
reader is referred to Woodhouse Sniatycki or Puta |^ for comprehensive 
expositions. 

3.1 Prequantization and Polarizations 

Prequantization is the process of finding the Hilbert space Ti. described in section |l] 
together with the map f —>■ f which links classical observables with their counterpart 
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quantum operators. A complex Hermitian line bundle B over the symplectic space 
M is introduced along with a connection, V, on B with curvature h~^a, where a is 
the symplectic form on M. The bundle B is called the prequantum line bundle. An 
inner product ( , ) on T{B) (the sections of B) is given by 

(si,S2) = / (si,S2)a", (3.1.1) 

where dim M = 2n. We restrict 7i to be the space of square- integrable sections. 
Each observable, / G C°°(M), corresponds to the operator /, where 

fs = -ihV^fS + fs, (3.1.2) 

and ^/ is the Hamiltonian vector field associated to /. This ensures that conditions 
(Qi) to (Qiii) of section |I] hold. If ^/ is complete then / is essentially self-adjoint 
(on a suitable domain). 

Associated to each observable / is a vector field Vj on B characterised by 

(3.1.3) 

[ h{Q,Vf) = h{e,Vf) = -fons^p^. 

Here G is the connection one-form on the prequantum bundle B and is its complex 
conjugate. Let pt denote the flow of ^j, and 6t the flow of Vj. For a section s G T{B) 
a linear "pullback" action pt : T{B) r(i?) can be defined by 

6tiptsim)) = s{ptim)). (3.1.4) 
Then, pt is related to the quantum operator / via 

= ih-^f. (3.1.5) 

t=o 

For a given symplectic manifold, a prequantum bundle does not always exist. 
This leads to what are called quantization or integrality conditions which determine 
if and when a prequantum bundle exists. Such conditions are usually formulated 
as a requirement on an integral of the symplectic form or in terms of de Rham 
cohomology classes. 

The next step in geometric quantization, once the prequantum bundle has been 
found, is to construct a polarization of the symplectic manifold. Then the Hilbert 
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space H is replaced by sections which are parallel along the polarization. Such 
sections are called polarized sections. The class of observables that can be quantized 
is then restricted to those for which the flow of the corresponding Hamiltonian vector 
field preserves the polarization. 



3.2 Quantization on coadjoint orbits 

Much has been written on the subject of geometric quantization on coadjoint orbits; 
e.g., see Woodhouse and Baston and Eastwood [Q. We briefly outline the main 
steps. 

Let if be a compact connected Lie group with Lie algebra h; let /i G h* and 



let Ofj, C h* denote the coadjoint orbit of fi. Recall, that in section p. ||, we 
saw that we could regard if as a presymplectic manifold. Also, we noted that for 
compact H (assumed here), ii^, the isotropy group of fi, is connected; then the 
reduction of H by the left action of ii^ gives Hf^\H ~ (9^ C h*. The symplectic 
2-form, ujq, on H^\H is given by tt*u!o = where tt : H ^ H^\H is the projection 
and Ufj^ is the restriction of the canonical 2-form on T*H to H x {fi} ~ H where we 
are working with the right trivialization of T*H. Thus, from ( |2.L13| ), = —dO^ 
where 0^{h) = pl-ijj,. 

Having detailed the symplectic manifold {H^\H,uJo), the next step is to con- 



struct the prequantum bundle. Drawing on Woodhouse Kostant's formulation 
of the integrality condition on uq can be expressed as the requirement that ih~^fi 
should be the gradient at e of a homomorphism : ii^ T, where T is the circle 
group. 

The prequantum line bundle, B, is given hj B = H x fj^C, i.e., if x C modulo the 
equivalence relation {h,z) ~ {h^h,XfM{h^)z) for h E H , E H^. This bundle has 
a connection whose curvature is hr^ujo- The connection can be either considered 
in the light of or in the following manner. The principal bundle ff H^\H 
has the canonical if-invariant (under right action) connection (e.g., see ||2^); by the 
assumption on the integrality of /i, there is a representation of if^ into U(l). Under 
the derivative of this representation, the canonical connection becomes a connection 
on B' with curvature fT^ojo- 

We can identify the sections of B with functions (p : H ^ C satisfying 

<f>{Kh) = xMHh)- (3.2.1) 
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There is an induced representation, vr^ of H, on these functions defined by 



{7r^{h')<f)){h)=<j){hh'). (3.2.2) 

An inner product is given by 



(01,02)=/ ^ d{[h]H,){Mh),Mh))c. (3.2.3) 

We only require two more facts concerning the quantization on coadjoint orbits, 
namely that there is a positive if-invariant polarization on H^\H and that the 
representation vr^ acting on the polarized sections of B is irreducible. The first of 
these is a standard result |45| whilst the second, however, is only given (refs. 



and [^) when it is assumed that H is simply connected. The extension to the case 
where this assumption is no longer made is just the application of a series of standard 
results. The main one being that the Borel-Weil theorem |^ holds without this 
assumption. We now briefly give the details. 



Closely following except where indicated, let T denote a maximal torus in 
H. There is an arbitrariness in choosing T and we may use this freedom to ensure 
that T C Hfj^. Let A denote the set of roots of h and, for a G A, let denote 

the corresponding eigenspace. For A G ga, A 0, define Za = ^i[A,A], rescale A 
such that a{Za) = i and let A+ be the subset of A such that (yU, Z^) > 0. Now set 
b = tc ©Q,(VA+ ga- We can define a complex distribution P' on H hy P'^ = ph*h. The 

projection of P' onto Hf\H is a positive Kahler polarization, P'^, of H^\H ||45[ . 
Further, this polarization is if-invariant, which means that for each [s\ G H^\H we 
have Ph*P^] = P^]hi where H acts naturally on the right of H^\H. 

We now return to the representation, vr^ of if, mentioned above. Firstly the 
integrality condition on means that (/i. A) is an integer multiple of h for every 
A G h such that e^'^'^ is the identity This means that, in the terminology of 
weight theory, is analytically integrable [^. Also, since {fi, Za) > for all a G A+, 
/X is said to be dominant [^. Now, as a complex manifold H^\H is the same as 



the homogeneous space B\Hc, where B C He is the subgroup generated by b and 
He is the complexification of H. Further, the representation Xfi of H^ extends to 
B [0 , so that we can identify the polarized sections of B with functions : H^ —>■ C 



satisfying: 

(i) is holomorphic; 



18 



(ii) (j){bx) = Xt^{b)<j){x) \/beB, x e H^. 

The representation vr^ acts in the same manner as before on these polarized sections 
and by the Borel-Weil theorem vr^ is an irreducible unitary representation of 



H. Further, by choosing an appropriate value of /i, all finite irreducible unitary 



representations of H are obtained in this way. The reader is referred to |^ for a 
discussion on the value of /i which generates a given representation. 

4 Geometric quantization of the symplectic leaves 

of (T*N)/H 

Recall that the reduced phase space of our constrained mechanical system can be 
identified with a symplectic leaf of {T*N)/H. We now apply the technique of geo- 
metric quantization to these symplectic spaces. 



4.1 The prequantum line bundle B ^ P, 



We require a (complex) hermitian line bundle B ^ and a connection V on i? 
with curvature h~^a^ with a given in ( 2.2.9 ). In particular, we saw in section ^]2| 



that the symplectic form on was built from the 2-form (3^ defined on N/ and 
the canonical 2-form on T*{N/H^). Thus, we aim to find a line bundle, B' , over 
N/H^ and a connection on B' with curvature h~^f3^. We can puUback B' by vr to 
form n*B' T*{N/H^), where vr is the same as in (|2.2.9|) . The tensor product 
bundle formed from tt*B' and the trivial bundle Bq = T*{N/H^) x C will yield a 
line bundle, Bi = 7i*B' ^ Bq, with curvature the sum of the curvatures of 'k*B' 
and Bq. (The simple expression for the curvature is a consequence of the additivity 
of the Chern character under the formation of tensor product bundles.) Now Bq 
admits a connection with curvature h^^aQ, thus, by considering (|2.2.9|) , B = i*Bi 



will be a line bundle over P^ with the desired connection, where i is defined just 
before (pT9| ). 

The key point in constructing the line bundle B' —>■ N/H^ is that a defines a 
connection, a', on N ^ ^/H^ via a' = proa where : h ^ is the projection 
relative to the metric on H. A representation, x^, of into U(l) then allows us 
to define the associated line bundle B' = N C (where {n,z) ~ {nh^,Xfi{h~^)z) 
for hfj^ G Hfj^) with a corresponding connection. Of course there is a restriction on 
X^i if B' is to have the desired connection. Interestingly, the condition on Xn is the 
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same as Kostant's formulation of the integrality condition for the quantization of 
coadjoint orbits described in section |3]^, i.e., ih~^fi should be the gradient at e of a 



homomorphism Xfi '■ T where T is the circle group. To see this, note that 

defines a representation of if^ into U(l) and its derivative defines a representation 
: ^ C which is given by x)i(^) = ih~^{fi, A). Under this derivative the 
connection a' gives a connection on the associated bundle B' with curvature h~^f3^, 
where denotes the two-from da^ dropped to N/H^. Specifically, let A be the 
local expression for a', then from the definition of a covariant derivative 

= (X(^) + X E TiTiN/H^)). (4.1.1) 

Here, s denotes the unit section and ip is a complex valued function. But x'fj.i-^i^)) = 
ih~^{Aij,,X) where A^j, = {^,A). Hence 

Vx(#) = {X{^)+th~\A„X)^)s, (4.1.2) 

so A^ determines a connection with curvature H'^dAf^ = For future reference 

we note that we can identify sections of B' — > N/ with functions 7 : — > C such 
that 

7inh^) = Xf.ih-'h{n) \/h^ e H^. (4.1.3) 



For completeness we relate our approach to that of Woodhouse P3|, proposition 



8.4.9] for the construction of the prequantum line bundle for the reduction of a 
symplectic manifold. Specifically, in our present notation, Woodhouse defines the 
line bundle to be x C quotiented by the equivalence relation (ni, zi) ~ (n2, Z2) if 
7r(ni) = n{n2) and Z2 = Ziexp{ih~^ J^^ a^). Here tt : — > N/H^ is the projection 
map and the precise path of the integral does not matter since it supposed that 
satisfies the integrality condition ^ J^a^ E Z whenever 7 is a closed curve in a fibre 
of — N/H^. (Note that Woodhouse's construction does not require the 2-form 
da^ to be symplectic.) 

From the defining properties of a connection, it immediately follows that, for 
A G h^, {afj,,C,{A)) = (/i. A) and, additionally using the if^ invariance of fi, Ph^ot^ = 
a^, where /i^ G H^. Considering the equivalence relation defined above, clearly 
n2 = riih^ for some G H^. Thus, for = e^, where A G h^, we have 



exp l-J^^ a J = exp [j_{p, A) ) . (4.1.4) 
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Recall that if^ is connected (see section p. H); hence we can define X/^ • 

by 



nhu 



Xf^iK) = exp af,j . (4.1.5) 

Note that the right hand side of ( ^.1.5| ) is independent of n and so Xti is well 

defined. Thus, the integrality condition is equivalent to x^l being a single valued 
function on if^. Further, 

X,{Ke''') = xMx,{e'^), (4.1.6) 

and hence that Xni^^h'^ = Xfi{h^)Xf_i{h'^) for all h'^, G H^. Now, by noting that 
{dx^,^{A))= ih^^Xfj.{hfj){fi, A), we see that x^l is a homomorphism Xfi '■ — > T 
whose gradient at e is ih~^fi. Reversing the argument, it can be seen that the 
converse holds. Thus we find the same condition on Xfi as before. 

Note that, given a, our construction defines a unique line bundle (i?', V). This 
is in contrast with the usual situation in geometric quantization because there the 
symplectic 2-form, a, is the starting point and this does not define a unique one-form 
6 such that dd = a; the construction of the line bundle uses the 1-form 6, and thus 
this process does not, in general, give a unique bundle unless the symplectic space 



is simply connected (e.g., see ^^). Our approach avoids this problem because we 
start with rather than 

Recalling the comments made in the opening paragraph of this section we have 
now proved 

Theorem 1 Let Bq be the trivial bundle T*{N/ iJ^) xC with a connection determined 
by the local connection form —H^^Oq, where 6q is the globally defined canonical one- 
form on T*{N/H^). Then the prequantum line bundle B ^ is given by i*{ti*B' ® 
Bq) where vr : T*{N/H^) — > N/H^ is the canonical projection and B' = N x C is 
the line bundle given above. 

For clarity and for future reference we note that the bundle B has local connection 
one-forms -ih^^{t*6o + z*7r*7*a^) on 7r"^(M), M C N/H^, where 7 : M ^ is a 
local section. 

If we use principal bundles rather than their associated vector bundles, the triv- 
ialization T*N ~ A^* x h* allows more explicit forms for the various bundles just 
described to be given. The key point is to realise that the map hor defined in 
( |2.2.7| ) is no more than the projection T*N ^ A^* x h* ^ A^*. Also, by considering 
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TT*^I^^N to be the annihilator of the vertical bundle of — > N/H^, we see that 
Ti*^ljj^N ~ A^* X n*, where n* C h* is defined to be the annihilator of h^t C h. 
Then, the puUback bundles of — ^ N/ are given by the following diagram. 

i i i (4.1.7) 

P^c^N*/H^ A T*(Ar/if^)~Ar#XH^n* ""-^"^ AT/i/^ 

The bundle i*tt*j^i^^B' is given by A^* C. (The prequantum bundle B has the 
same structure but the connection is not the one induced from B' .) 

The Aharanov-Bohm effect 

Briefly O, BH], Aharanov and Bohm considered the case of a particle with 



charge e moving in the region outside an [infinitely] long cylinder, so that the con- 
figuration space, Q, of the system is no longer simply connected. Inside the cylinder 
there is a non-vanishing magnetic field; even if the magnetic field in Q vanishes, 
there is no gauge in which the magnetic vector potential. A, vanishes in Q. It is 
found that the potential influences the motion of the particle, in that the phase 
change of the wave function of the particle around a closed loop surrounding the 
cylinder is not zero, but is given by 

expf^ cfAadqA. (4.1.8) 



The Aharanov-Bohm effect in the context of geometric quantization is well under- 
stood [m, 0. We now quickly show how our approach reproduces the expected 



results. 

The phenomena of electromagnetic fields is described by a U(l) gauge theory. 
Thus we have H = U(l) and hence if^ = U(l) also. A magnetic vector potential 
A corresponds to a connection a on the bundle N Q = N/H (i.e., A is the local 
form on Q for a). Let 7 : [0, 1] N/H^ = N/H be a closed loop. Denote by 7 the 
horizontal lift of 7 to A^ with respect to the connection a'. (Note that a' = a here 
since if^ = H.) Define G by 

7(1) = 7(0)V (4.1.9) 
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then we have, by a direct consequence of the construction of 7, 

= exp f Aadq'^y (4.1.10) 

Now the phase change in ip, a section of the bundle B', on going round the loop 7 by 
parallel transport is just Xfi{h^). From ( [4.1.5| ) and ( [4.1.4| ), we have immediately 



= exp fAadq^^ , (4.1.11) 



where we have identified £(U(1)) with M. This agrees with ( [4.1.8|) since O 



{/u} G h* is identified with the charge e of the particle. Hence our construction 
automatically gives the physically correct choice of the prequantum line bundle. At 
this stage it is not clear how this generalises to non-Abelian gauge groups. We will 
return to this as the end of section . 



4.2 A polarization for 

Recall, that we may consider ^ = A^* Xh O^. Now, we saw that, in 
section |3.2| , the coadjoint orbit (9^ H^\H has a natural if-invariant positive 
Kahler polarization P*^ . (The if-invariance of the polarization means that for each 
[s] G H^\H, we have Ph*P^] = P^]h, where H acts naturally on the right of H^\H.) 

For a cotangent bundle T*Q ^ Q, a natural polarization is given by the com- 
plexified vertical subspace at each u G T*Q i.e., the complexified subspace of 
Tu{T*Q) which is tangent to the fibre. (This is called the vertical polarization.) In a 
similar manner, we may define an integrable complex distribution Pq (a sub-bundle 
of the complexified tangent bundle) on the bundle A^* — > A^ simply by taking the 
complexified subspace of the tangent space which is tangent to the fibre. The fibre 
of the bundle A^* — ^ A^ at n G A^ corresponds to V^, the annihilator of the vertical 
subspace Vn- Now ph*Vn = Vnh, so that pl^-iV^ = V^^. Hence, the distribution Pq is 
invariant under the right action of H. 

The direct sum of the polarization, P^, on and the distribution, Pq, on N# 
gives a new if-invariant distribution, P', on A^* x O^. The projection of P' onto 
N* Xh O^is the distribution given by 



pr.Pi (4.2.1) 



23 



where pr : A^* x (9^ is the projective map and u is any element of 

pr^^{m). The precise choice of u is irrelevant since both P'^ and Pq a^re invariant 
under the action of H. For suppose Ui,U2 G pr^^{m) then -Ui = U2 ■ h for some 
h E H. By ff-invariance, pr^Pl^^ = pr^ph^Pl^,^ = pr^Pl^^ as required. 

Theorem 2 T/ie distribution P is a polarization for Pq^ . 

Proof. Firstly, P and P + P are involutory since the push- forward map pr* preserves 
commutators. Further, by construction we see that P is smooth and also Pm H Pm = 
pr^,(Po ffi {0}). Thus Pm n Pm is of constant dimension. We finally need to show that 
P is maximally isotropic. Clearly P has the right dimension since dim P = dim A^ — 
dim h* + 1/2 dim whilst dim N*XHOf, = 2dim - dim h* - dim H + dim O^. 
To show that P is isotropic we need the expression for the symplectic form on P^^ 
given in ( |2.1.7| ). Since we are using the trivialization T*N ~ A^* x h*, f2 should be 
replaced by a*Q which is the induced symplectic form on A^* x h* ~ T*N. We have 

noiPm,Pm) = ifoa*mPLPL)-iJ*a^o)iPL,PL) (4.2.2) 
= 0, (4.2.3) 

where to justify Q{a^:jo*Puj cii*3o*P'u) = 0, we consider local canonical coordinates 
{q\Pj} on T*N. Then, we see that dt^jo*Pi is spanned by and thus the 

desired result. Hence P is maximally isotropic and is a polarization for Pq^ ~ P^. ■ 



4.3 Quantization 

Having found a polarization for P^, the standard approach in geometric quantization 
is to replace the pre-Hilbert space of smooth square-integrable sections of the pre- 
quantum line bundle, P, with the subspace of square-integrable polarized sections 
of B. The quantum operator corresponding to a classical observable is defined on 
the polarized sections of the prequantum line bundle B. However, these sections are 



not square-integrable on P^. Thus, in a manner analogous to that described in ||45 
we alter the quantization process so that we integrate over Q rather than P^. 

Briefly, let tt : P^ ^ Q be the canonical projection and let Aq Q denote the 
line bundle A"'T^Q. (Here A'^V is the n-fold exterior power of a vector space V and 
n = dim Q.) Then, define Kd = rr*AQ C A'^T*P^. The bundle Aq is trivial so Kd 
is too. Thus, we can define 5d = ^/Kd- We now replace B by Bk = B 5d and 
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consider polarized sections of this bundle. In terms of the bundle E, we can view 
sections of the new bundle Bk as sections of the bundle E VAq — > Q. Sections 

of this bundle are of the form s = sr] where s G T(E) and rj G T(^/Aq). The inner 
product for such sections is 

(si,S2)=/ (si(g),S2(g))w^(r/i,r/2), (4.3.1) 
JQ 

where r^a) = Vim e Aq. 

The quantum operator, /, corresponding to a classical observable, /, is given by 

m 

fS = f{s)iy-^tns{div^f)7], (4.3.2) 

where s = srj and div is defined with respect to rj via Cvi]"^ = (div V)ri'^. (Here, 
£ denotes the Lie derivative.) However, only certain observables can be quantized. 
Specifically, the flow of ^/ must preserve the polarization and, additionally, we are 

interested in the case when is complete so that the operator / is essentially self- 
adjoint (on a suitable domain). For a vertical polarization of T*Q, the form of such 
an observable is 

f = v\q)p, + uiq), (4.3.3) 

where v G r{TQ) and u G C°°{Q) [0. For a Kahler polarization, must be a 
Killing vector We now consider a special case of the latter, namely, a Kahler 
polarization on a coadjoint orbit, (9^ ~ H^\H. We can regard X G h as an element 
of C~(0^) C C^{h*) via X{v) = {u,X) where i/ G C h*. The Hamiltonian 
vector field for such an observable is 7rco(X'), where tTco in this context means the 
derived Lie algebra representation of the coadjoint action of H. Clearly, such a 
vector is a Killing vector since the metric on h* (induced from the one on h) is 
invariant under the coadjoint action of H. 

Now the symplectic leaf Pq^ = X* x^^ is locally a product of [a subset of] 
the cotangent bundle T*Q and the coadjoint orbit (9^. Similarly, the polarization is 
locally a product of a vertical polarization and a Kahler polarization. Thus, using 
([4.3.3| ) and the comments above on the observables that can be quantized for a 
Kahler polarization, we see that, crucially, the general form of a classical observable 
which can be quantized to give a self-adjoint operator agrees with that given in 
(12.4.101) . This agreement between the prediction, made in section p.4| via the use 
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of a momentum map, of which classical observables should be quantized and the 
actual observables which can be quantized via the geometric quantization technique 
is striking and indeed most reassuring. 

The quantum operator corresponding to the observable given in ( |2.4.10| ) acts 



on sections of = B ® and can be found using ([4.3. 2|) . However, there is a 



much more elegant way to present the quantum operators, namely as the Lie algebra 
representation derived from a representation of a Lie group. We now explain this 
approach. 

4.4 Polarized sections of the prequantum line bundle 

In order to make the connection with induced representations we must first represent 
the polarized sections of -B in a more transparent manner. 

To begin with, consider the line bundle B' = N Xh^ C N/H^. Now N/H^ ~ 
N Xh {Hf^\H) ~ Ofj, and we can represent sections of B' by functions : 

N X H C satisfying 



ij{n,h') = ij{nh,h'h) Wh e H; 



(4.4.1) 



From ijj we can define a function 7 : ^ C via 

tp{n, h) = tp{nh-^, e) = 'j{nh-^). (4.4.2) 



It is easy to see that •y^nh^) = Xn{h^^)'~i{n). Hence 7 satisfies ( [4.1.3| ) and thus ifj 



represents a section, s, of B' . We can pull s back to give a section of the prequantum 
line bundle B. The crucial point is how to realise the polarization condition on the 

We can define a distribution on N Xh in a similar manner to that used in 
section Specifically we take the trivial (zero) distribution on and the normal 
Kahler polarization on H^\H ~ O^. The direct sum of the two distributions on 
N X projects to a distribution on Xji^ O^. The key point is that sections, s, of 
B' which satisfy the "pseudo-polarization" condition, VjfS = VX G Vp{N XhO^), 
pullback to polarized sections of B. Further all polarized sections occur in this way. 
Everything becomes clearer if we use local coordinates. Namely, if {q"',Pa} are local 
canonical coordinates for T*{N/H) and {2;*} are local (complex) coordinates for (9^, 
then polarized sections of B are of the form (j){q,z), i.e., holomorphic in z. Clearly 
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these correspond directly with sections of B' satisfying the pseudo-polarization con- 
dition. 

In terms of the functions : x if ^ C, if we set (pnih) = ip{n, h) and regard 
(pn '■ H ^ C then the condition that ip will correspond to a polarized section of B 
is that (j)n represents a polarized section oi H x^^C (where {h, z) ~ {h^h, x^i{h^)z), 
hfj, G Hfj) with respect to the Kahler polarization on Hfj\H. Consequently, let TY^j 
be the completion of the pre-Hilbert space of square-integrable polarized sections of 
H X//^ C. Note that sections oi H Xj^^ C are represented by functions (p : H — >■ C 
satisfying 

4>{h,h) = x,{h,)m ^h, G H,. (4.4.3) 



Thus we are in the same setting as that detailed in section |3]^ and so we have a 
irreducible unitary representation vr^ of H on 7i^. 

We can then define E = N (where (n, v) ~ {nh, 7r^j(/;,~-^)f )) and sections 

of this bundle can be represented by functions : N x H C satisfying ( [4.4.1 



Further, by construction, these functions correspond to polarized sections of B; 
hence we have proved 

Theorem 3 There is a one-to-one correspondence between the polarized sections of 
the prequantum bundle B and the sections of E = N Xh Ti/^. 

One advantage of identifying sections of the prequantum bundle B with sections 
of N X jj is that the latter bundle is closely related to induced representations 
as we shall see in the next section, but first we return to a matter alluded to at the 
end of section E?T. 



The generalised Aharanov-Bohm effect 

Wu and Yang |^ gave a description of a generalised (i.e., the gauge group is 
non-Abelian) Aharanov-Bohm effect in terms of a nonintegrable phase factor. This is 
the "generalised phase change" of the wave function of the particle on being parallel 
transported between two points with respect to the connection which represents the 
gauge field. The term "generahsed phase change" is used because the nonintegrable 
phase factor acts via an irreducible representation of the gauge group on the wave 
function of the particle. This representation is, in general, not one-dimensional. 

The Aharanov-Bohm effect for the gauge group SU(2) has been studied [0] in 
terms of particles satisfying the Dirac equation, or its non-relativistic limit, confirm- 
ing Wu and Yang's predictions. In the context of geometric quantization, the study 
of the generalised Aharanov-Bohm effect has been constrained to trying to classify 
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the different "prequantizations" of the "isospin" bundle — > N/ . This was 
found only to be possible when the relevant bundles were trivial. We will now show, 
by considering the bundle E = N Xh "H^ rather than the line bundle associated to 
— * N/H^, how the Wu and Yang nonintegrable phase factor appears naturally in 
our approach together with the representation of the gauge group H via which the 
phase factor acts on the wave function of the particle. 

The bundle E = N 'XffTin is an associated vector bundle of the principal bundle 
— s> N/H. Now this latter bundle has a connection a and thus there is a corre- 
sponding covariant derivative, V", on the sections of E. We will now show that 
this covariant derivative is equivalent to the one on the sections of the line bundle 
B' = N X u C. This means it is permissible to consider parallel transport in E 
rather than in B'. 

Let s be a section of E. We can represent s by s{q) = [n{q),ip{n{q), h)]H where 
satisfies ( [4.4. 1|) and TTN-^N/nin^q)) = q E Q = N/H. Now consider a curve a(t) 
in Q. We can choose n so that n{a{t)) = cr(t) is an arbitrary horizontal lift of a{t) 
with respect to the connection a. Let X be the tangent to cr(t) at t = 0. Then 



i=OJ H 



(4.4.4) 



Now we saw earlier how sections of E could be identified with sections of B'. 
Here s{q) corresponds to a section s' of B' where, with 7 as defined in ( [4.4.2|) , 



s'{q') = Hq)h-\^iniq)h-')] 



and q' = 'KN-*N/H^{n{q)h . Let a'{t) = 'KN^N/H^{<y{t)h ^), then 



(4.4.5) 



s\a'{t)) = [a{t)h-\^{n{a{t))h-')]n,. 



(4.4.6) 



It is easy to see that a{t)h~^ is a horizontal lift of cr'(t) with respect to a' since if A 
is the tangent vector to ait) (so a{A) = 0), then a'{ph-i^A) = pr{Adh{a{A))) = 0. 
Thus, letting X' be the tangent vector to a'{t) at t = 0, we have 



t=o. 



(4.4.7) 



and the right hand side corresponds to the section [ct(0), j^ip{n{a{t)), h)\t=Q\H of E 
in agreement with ( [4.4.41 ). 
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Now let a{t) be a curve in Q with cr(0) = go and a{l) = qi. Denoting, as before, 
a{t) to be the horizontal lift of a{t) to N with respect to the connection a, define 
heHhy 

a{l)=a{0)h. (4.4.8) 

The general expression for h is 

h = Pexp J^' Aadq"^ , (4.4.9) 

where P is a path-ordering operator along a{t) (which is necessary as H is, in general, 
no longer Abelian) and A is the local form on Q for a. This is the nonintegrable 
phase factor of Wu and Yang [^]. For a section s = [n,v]H of E, the change in 



V G Hf^ on s being parallel transported around a is given by 7r^{h), i.e., 

'Pexp(^- (j^ Aadq^^^v. (4.4.10) 



When a{t) is closed, i.e., go = Qi, the "phase change" given in ( |4.4.10| ) is the 



generalised version of ( |4.1.8|) and is the corresponding Aharanov-Bohm effect for ar- 
bitrary H. (Note that this result is in agreement with the case H = U(l) considered 
in section ^TT] since when H is Abelian vr^ = x^.) 

4.5 Induced Representations 

The theory of induced representations is well known for the case where one starts 
with a representation vr^j of H acting on Ti.^ and induces, from vr^, a representation tt^ 
for a Lie group G where H G G. The induced representation tt'^ acts on sections of 



the bundle G x^H^. (E.g., see |^T], ^.) Now a generalisation of this type of induced 



representation, due to Moscovici ||3J], exists for the case in hand of the bundle N. 
The starting point is the bundle E = N x h given in the previous section, with 
sections of E identified with functions : N Ti^ satisfying '^{nh) = 7T^{h~^)'${n) 
for all h E H. The representation, vr^, of a group G' which acts on the left on 
and commutes with the right action of H is given by 

{Ti^{g)^){n) = ^{g-^n), geG'. (4.5.1) 

We are naturally interested in taking G' = Aut A^. (Note this is not a special 
case of since it was assumed there that G' was locally compact.) We expect 
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that, for A G £(Aut A^), the action given by d7T'^{A) corresponds to the observable 
J^(A,0) where : C{Aut N x C°^{Q)) ^ C°°(PoJ is defined just before (|2^) 



and dTT^^ is defined, via ( |1.0.2| ), on the domain of compactly supported cross-sections 
of the vector bundle E. Before showing that this is the case, we remark that, as we 
will see, the group C°°{Q) can be incorporated into vr^ in an obvious way to give a 
unitary representation of Aut A^ k C°°{Q). This representation is the same as that 



used by Landsman except here the choice of such a representation is now fully 
justified in that we show that the derived Lie algebra representation corresponds to 
specific classical observables via the map J^. Also we note that this representation 
of Aut A^ K C°°{Q) essentially appears in Isham |^ chapter 5.2] under the guise 
of lifted group actions. Isham starts with a group action on Q and then considers 
possible lifts of this to an automorphism of A^. We have avoided the use of such 
lifted actions by starting with the group Aut A^ to begin with. 

The action of Aut A^ on a function \E' given via ( |4.5.1| ) corresponds to an action 
on the sections of the bundle B' = N x C. Specifically these sections of B' 
are represented by functions 7 : A^ ^ C satisfying -^{nh^) = X^(/i^^)7(^) where 
hn G Hfj^. The action vr^ on these sections is then (7r^(0)7)(n) = 7(0^-*^?^). In terms 
of a section, s, of B' we have 

{7r^{<jy)s){q') = M^oW), q' e N/H,. (4.5.2) 

Here, 0o denotes the diffeomorphism defined on N/H^ in the same fashion as in 
( |2.4.2| ). Returning to the convention for projection maps of bundles used in section 
sections s then pullback to give sections j*s of the prequantum bundle B = 
Xh^ C, where j = tin/h^oz. Let ttq denote the corresponding action of n'^ on 
these sections, i.e., 7ro(0)(j*s) = j*{n^{(f))s). Using the realisation A^* = {{n,p) : 
n e N, p e T;^_q(„)<5} and denoting an element of N*/H^ by (M//^, P7r^/H^(n)), 
we find 

T"^-i(«(0)(j*s))(N/^M>P^iV^Q(n))) = ifs){[(p'^n]H^,4>*Pnr,^Qin))- (4.5.3) 

Here denotes the left action of (p on elements of i? = A^* ^Hfi'C via T^[i3n, z\h^ = 
[T((j)fi)Pn, Ah^,i with (3n G A^* C T* N . The vector field V , generated by the infinites- 
imal action of A G £(Aut A^) on B via r^, intrinsically characterises the classical 
observable to which the representation ttq corresponds. We write V = A^, where 
the superscript B denotes the space on which Aut A^ is acting. Recall, that in 
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section |3.1| , we gave the relation between an observable, its corresponding vector 
field on B and the resulting prequantum operator. (The term prequantum is used 
to emphasise that these operators are regarded as acting on general sections of B 
rather than the polarized ones.) We intend to use this relation to show 

Theorem 4 The prequantum operator corresponding to the observable J^(A, 0) is 
given by IkIttqIA). 



To begin with we return to ( [4.5.3 ) and note that we can write this as 

'rf{iT^oi(p'^)ifs)){[n]H^,Pnj,^Q{n))) = if s){^^,0){[n]H^, Pn^^Qin))) ■ (4.5.4) 

This now corresponds to (|3.1.4|) since O^(^o) ~ A^'"- It now remains to show that 

the vector field corresponds to the observable J^(A, 0). The verification of this 
result is technical and we first present two lemmas. 

Lemma 1 



^b^Pm*^ =0,(AO)' (4.5.5) 



(u) 



h{Q, A^) = h{Q, A^) = -iUA, 0))o7rB^p^. (4.5.6) 



Proof. Now 7iB^p^*A is just the vector field generated by A acting on P^. Hence, 
from the properties of the momentum map J^, it is evident that ( |4.5.5| ) holds. 



To verify ( [4.5.6|) , let b : U C N/H^ —* N denote a section of the bundle 



—* N/Hfj^. Then the section j*b gives a local trivialization t of B via T{q',z) 
[{s*b){q'), z]Hf,- In this trivialization the connection one-form is given by 



e = h-^7r%^p e - ir'i* — , (4.5.7) 



z 



where is the local potential one-form of the connection given in ( p.2.10|) (with the 
minus sign as we are using a right action of H). From the definition of 6o in ( |2.1.9|) , 
and recalling that elements {n,p) of A^* correspond to elements in the annihilator 
of the vertical bundle of TN, we have 



i^B^p/Oo, ^'')[(n,p),.]H, = {^*N^qP, ^^)n. (4.5.8) 
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The remaining part of 0, as given in ( p.2.10| ), consists of an term. Now 



{'^*B^P^J*b*af„ A^)l^n,p),z]H^ = {nl,^N/H^b*af„A^')n] (4.5.9) 

further, 

= (rr^*^,A^')[„,],^, (4.5.10) 

where ti is the local trivialization of N Xh^C via ri(g, z) = [b{q), z\h^- To complete 
the verification of ( 4.5.6|) we use the following result. 



Lemma 2 

(a^, A^')[n,.]^^. = (^M' ^^')[n,z\H, = ^"'(tt/., ^^)n, (4.5.11) 

where = fi^^'^N^N/Hf,b*0!^ — irf is the connection one-form on B' and is 
its complex conjugate. 

Proof. This can be readily checked by considering, for example, the curve b{q{t))e*'^' 
in and the corresponding curve [6(g(t))e*^', z]h^ in B'; here A' E h^. ■ 
Thus, it finally remains to calculate {a^, A^)n. We have 

= (7r,,(/i) ■/i,«,(,)(A^)), (4.5.12) 



where s is the section of the bundle N — >■ N/H used at the end of section [2^4 . 
Combining this equation with ( [4.5.8|) we finally obtain 



^(0, V)[^s{g)h,p),z]H^ = -{ttn^qP, a - {ncoih) ■ /i, as(q)iA )). (4.5.13) 

Note that the right hand side is in fact a function on ~ Pq^ = A^* Xj^ O^. Now 
for [l3s[q),v]H e A^J^) we can write this as [p*_i/5^(g), /i]/^ G A^^^^)^ x^^ {/x} 

where h is such that TXco{h) ■ fi = u. So we can write 

= -(J^(A0))[/3.(,),z/]h (4.5.14) 

using ( |2.4.9| ). Clearly the same expression is obtained for h{Q,V) and thus this 
completes the proof of Lemma |l|. ■ 

By considering (|4.5.4|) , (|3.1.5| ) and Lemma |I] we see that Theorem ^ has been 
proved. 
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It finally remains to incorporate C°°{Q) into the representation tt'^ defined in 
(1^3). For (0, /) e Aut iV K C~(Q), following [gTf we put 

(7r'^(0, = e-*'"'"'^("^/«M-«(''')Vs(0o (4.5.15) 

which gives a [left] representation of Aut N ix C°°{Q) on the sections of B'. Note 
that, in terms of the functions used in (|4.5.1| ), the representation vr^ is given by 



(71^^(0, /)^)(n) = e-^''"'^°"^--«(")^(0~V). (4.5.16) 
Concentrating on the case 7r^(0, /) we claim 

Theorem 5 The prequantum operator corresponding to the observable J^(0, /) is 
given by hdiTQ^O, /). 

Identifying the Lie algebra of C°°((5) with the Lie group we have, in the notation 
of (13.1.41 ), pt[Pn]H^, = [Pn - tT^*N^Qdf]H^,- Now let pt = 7r^(0, -tdf), i.e., in a local 
trivialization of B 

iPtJ*s){[n]H,,p) = {[n]H,,P,e^'~''^°---'^^M[nW)), (4-5.17) 

where s is a section determined locally by -0 G C°°{U C N/H^), i.e., (j*s)([n]i^^,p) = 
{[n]H^,P,4'{[n]Hf,))- It follows that the corresponding 6t is given by 

mJ*s){[n]H,,p)) = (MH„p-trf/,e-^''"^*^°---«("V(MHj). (4.5.18) 

Regarding, as before, 6t to be the flow of the vector field V = C,^{f) (i.e., the vector 
field on B generated by the action of / via r) we now only need to prove 

Lemma 3 

(^) 

vrB^P,*e''(/)=0,(o,/).; (4-5.19) 

(n) 

m ^""{f)) = ^(0, e''(/)) = -foT^B^Q. (4.5.20) 

Proof. As in Lemma |l|, ([4.5. 19|) follows from the properties of the momentum map 
J^. Also it is easy to see from ( p^.l.9| ) that (vr^_,p^«*6'o, ^^(/)) = 0. Thus it just 
remains to calculate {T^*B^pJ*b*a^,^^{f)). Using ( [4.5.7| ) we obtain 

^(0,e''(/))[{n,p),.]H, = H^,e{f)hn,,uu^ = -/o7r^^Q(n), (4.5.21) 
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as required by ( [4.5.20[ ) 



In the same manner as Theorem ^ this completes the proof of Theorem ^. Note 
that {hdTC^{OJ)'ip){q') = f{,T^p^^Q{,q'))'ip{,q') as expected. 

So far we have found operators which act on the sections of B. We must now 
restrict these to act on polarized sections of B. Recall that there is a one-to-one cor- 
respondence between the polarized sections of B and the sections of E = N Xh 'H^. 
Thus, we see that the action of ttq on the polarized sections is equivalent to the 
action of tt^ on the sections of E. So, to summarize, we can put our results for 
Aut N and C^{Q) together to obtain our key result: the prequantum operator 

corresponding to the classical observable /) is given by hd7r'^{A, /). However, 

this is not quite the complete picture because so far we have considered the quantum 
operators to be acting on sections of B rather than sections of B^ = B ® S^. We 
address this point in the next section. 

4.6 Unitary representations 

As it stands the representation fails to be unitary unless there exists a measure on 
N which is invariant under Aut A^. This can be overcome in a standard way using 
the Radon-Nikodym derivative, e.g., [0, chapter 5.2]. Let /i be an if-invariant 
measure on A^, which in turn determines a measure v on Q. Then we define the 
representation vr^ by replacing ( |4.5.1(j| ) with 



Y dfi{n) J 

This then gives a unitary representation of Aut A^ k C^{Q), where C^{Q) is the 
subspace of smooth functions on Q with compact support. The addition of the 



square-root term corresponds to the replacement of B by Bk in section 4.3 and the 



fixing of a choice of rj such that rji] = dv. The inner product is (c.f. |4.3.1|) 



VI/, VI/') = / dv{nN^Q{n)) {^{n),^\n))n,, (4.6.2) 



Q 

and we restrict our attention to smooth functions ^ that have compact support. 

Further the representation tt^ is, in general, irreducible. To see this we first 
recall that there is a one-to-one correspondence between the sections of E and the 
functions '-f : N C which satisfy ( 4.1.3|) and the "pseudo-polarization" condition 
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detailed in section [4.4|. In terms of the 7's we have 



(^''(0, fh){n) = [^^) e-^^-^/°-->'^(")7(0-^n). (4.6.3) 

For a general Lie group G, the representation tt of G x C°°{N) acting on smooth 
functions ip : N ^ C, given by 

is irreducible |]TB|] provided does not decompose into a disjoint union of two 
G-invariant subsets both of which have positive //-measure. (This situation can be 
overcome if fi is required to be G-ergodic.) Returning to our representation vr^ we 
see that it is closely related to tt except that firstly we are considering a subspace 
of C°°{N,C), i.e., the functions 7 satisfying the conditions noted above. This does 
not alter the irreducibility of vr. Secondly, the function / in ([4.6.3| ) is lifted to one 
on which means that it cannot vary along the fibres of — ^> N/H. However, this 
restriction merely ensures that the action of is to create a function which satisfies 
the conditions on the 7's. Hence vr'^ is irreducible, provided does not decompose 
into a disjoint union of two Aut A^ invariant subsets. 

Landsman has given an explicit form of the representation tt'^ in terms of 



functions ip" : Ua C Q Ti^. Specifically, cover Q with open sets {Ua} and 
denote local smooth sections of A^ by Sq, : f/a ^ A^ such that for q & Ua ^ Up 
^isil) = ^a{<l)gai3{(l) where g^fs : Ua^iUp ^ H is the transition function for the two 
coordinate patches Ua and Ujs. An element of is represented by a collection {ipa} 
of smooth functions ipa'- Ua ^ H^, which are related on [/q, H f//3 by 

-^aiq) = 7r^(^a/3{g))^/3(g)- (4.6.5) 

The action of tc^ on these functions is given by 

(vrn0,/)^„)(g)= ^ e~'''-'^^''^7r,{{h,[r\sa{q))]r')Mr'q), 

(4.6.6) 

where is the element of H satisfying sp{(t)~^q)hji = (f>~^{sa{q))- Here it is assumed 
that q E Ua and (p^^q G Up. Landsman ||2^ also gives a formula for the derived 
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representation dn'^, which in our notation is 
hidn>^{AJ)ij^)iq) = f{q)(-th 

+ (4.6.7) 



Here a is the connection on N ^ Q and V is the corresponding covariant derivative 
via the representation vr^ of H on Ti^. Also note that the div term agrees with that 
in ( |4.3.2|) . As noted by Landsman[^ the operator dir^^ is defined and essentially 
self-adjoint on the domain of compactly supported cross- sect ions of the bundle E = 

N 

T^fi- Further, the right hand side of ( |4.6.7| ) is actually independent of the 
connection used. The motivation for writing (|4.6.71 ) in this manner is that the third 



term on the right hand side is the generalisation of the Poincare term in the angular 
momentum of a charged particle moving in the field of a magnetic monopole I^Sj; if 



A is a symmetry of the dynamics then this term is the contribution of the external 
gauge field to the conserved operator dn^^^A, 0). 
We have now proved our main result: 

Theorem 6 For the constrained mechanical system whose reduced phase space is 
P^, the quantum operator corresponding to the classical observable J^{A^ f) is given 
by hdTT^^{A, /) and acts on compactly supported cross-sections of the bundle E = 
N Xjj Tifj^. In terms of the quantizing map Qf^, this is written as 

g,(J^(A,/)) = ftrf7r^(A/). (4.6.8) 

Note that as ti^ is, in general, irreducible we have satisfied the irreducibility require- 
ments discussed in section 

We now turn to the problem of finding the Hamiltonian for the quantum system. 

Unfortunately the classical Hamiltonian is not in the subclass of observables that we 
can quantize using Q/^; indeed this is a generic problem with geometric quantization 
when the Hamiltonian is not linear in momentum. However, Landsman has 
shown that the quantum Hamiltonian, if^, is given by the gauge-covariant Laplacian 
on E = N Xfj H^. Specifically, Hf, determines the time-evolution of an operator 

L = QniJMJ)) via 

L{t) = e^'f^-'Hnl^-itn-^H,^ ^4_g_g) 
and Hfi, which acts on sections of E, is given by 

Hn = -^ft'V ■ V + K). (4.6.10) 
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Here we have included the potential Vq, which was defined at the end of section 



and we note that the gauge-covariant Laplacian is defined with respect to the 
connection a. 

Locally, we can use {h^, . . . ,h'^" ,q'^"^^, . . . ,q'^'^) as coordinates on A^, where 
(^qd-H+i^ . . . , g'^^) are coordinates on Q and {h^, . . . , h'^") are coordinates on the fibre 
H. We can motivate Hfi as the Hamiltonian if the coordinates are chosen such that 
a{-^) = and du = d^q. The latter condition means that det g = 1, where g is 

the metric on Q. In the notation of (|2.4.12|) , we then find that H^, coincides with 
if^, where 

H'n = -\h^Qn{JMc^Mg''^Qn{JMpM + ^m(0,K)). (4.6.11) 

Note that I^"^(5ft( J^(A/, 0))(5;i( J^(Aj, 0)) = l^-^ d'K^{Ti)d-n^{Tj) is a Casimir operator 
for H and, as the representation vr^ is irreducible, this is a constant which can be 
omitted from the Hamiltonian. Hence H'^ can be considered to be the quantum 
operator corresponding to Ho^, given in ( |2.4.12| ). To see that Hn agrees with H'j^ 



it is easier to use the representation vr^ as defined on functions \l/ used in ( [4.5.1 ). 



Then the action of dn^ is given by |27 



h{dTi^'{A, 0)^)(n) = -ih (^(^A+ ^div A)j (n). (4.6.12) 
Thus, noting that div = 0, we find 

whilst, up to a constant, acting on the functions \Ef is given by — I^^Alp, where 
Alp is the Laplace-Beltrami operator. Thus, in this choice of coordinate system, 
Hn agrees with H'^. 

4.7 Homogeneous spaces 

When the bundle is a finite-dimensional Lie group G (with H G G) the config- 



uration space Q = G/H is homogeneous. Isham [|I^ has considered quantization 
on such configuration spaces and in this section we relate our work to his. In par- 
ticular we can explain two unresolved features of Isham's method. The first is the 
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appearance of inequivalent quantizations, i.e., the discovery of many different quan- 
tum scliemes resulting from the same classical system. The second is the presence 
of quantizations which appear to be unrelated to the original system. We find that 
the geometric quantization approach shows that the inequivalent quantizations of 
Isham's correspond to slightly different classical systems, and also that the seemingly 
unrelated quantizations of Isham's are indeed quantizations resulting from a com- 
pletely different physical system. Note that the different quantizations Isham finds 
are unrelated to whether or not the configuration space is multiply connected. We 
conclude the section with a worked example for the case G = SU(2) and H = U(l). 
This gives the homogeneous configuration space S'^. 

Let be a vector space which carries an almost faithful representation of G and 
for which there is a G-orbit in V that is diffeomorphic to G/H. Isham ||18[ argues 
that quantization corresponds to representations of the semi-direct product group 
Q = Gt<V*. Crucially Isham considers ^ as a subgroup of Diff Q x C°°{Q) /m (where 
M denotes the functions constant on Q) and the phase space of the system to be T*Q. 
A momentum map for the action of Q on T*Q is found and indeed corresponds to 



the restriction of the momentum map J^=o of section 2^ to ^ C Aut x G^{Q). 
Isham quantizes the system by finding irreducible unitary representations of Q (via 
Mackey theory) and using the momentum map to match observables on T*Q with 
the generators of the representations of Q. 

We can split the irreducible unitary representations of Q into two classes, those 
which arise from consideration of a G-orbit Q G V where Q c:^ G/ H (the first 
class) and those from a G-orbit Q' C V where 9' ^ G/H' with H ^ H' (the 
second class). We can now compare Isham's results to our own. Specifically the 
representations vr^ we find are the same as those in Isham's first class. (Here we are 
restricting tt^ to Q.) Crucially, however, each of our representations corresponds, 
via /i, to a different symplectic leaf in {T*G)/H. Further, each symplectic leaf has a 
different momentum map and thus each of the different representations corresponds 
to a slightly different physical system. In terms of the quantizing map Qn, Isham 
considers the phase space G* / H c^T*Q with 

Q,{J,=o{A,u)) = hd7T^^{A,u), (4.7.1) 

where {A,u) G C{Q)* ^ g x V*. Note that it is not clear which representation tt'^ is 
to be chosen on the right hand side. Whereas we have the phase space G* Xfj 
with 

Qr,{JM^u)) = hd'K^'{A,u). (4.7.2) 
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It is now clear that different representations of Q correspond to different physical 
systems. In fact, for a particle moving in a Yang-Mills field, the different repre- 
sentations of Q correspond to the different possible charges that the particle could 
have. 

The representations of Q in Isham's second class clearly correspond to the quan- 
tizations of constrained systems which have H' as the symmetry (gauge) group. In 
terms of a particle in a Yang-Mills field, these representations correspond to a parti- 
cle on the configuration space G/H' where the internal charge couples to the gauge 
group H' . Thus, they are unrelated to the original system. 



4.7.1 The canonical connection 

There is a natural choice for the metric on G; specifically, as H is compact, h is 
reductive in g and a positive definite inner product (( , )) exists on g which is invari- 



ant by TVadiH) (e.g., pSf). Thus, by defining m to be the orthogonal complement to 
h, with respect to this inner product, we have that g = h©m and [h, m] C m, i.e., 
the decomposition is reductive. We can use this inner product on g to define one 
on TgG via {{X, Y))g ={{Xg-i^X, Xg-i^:Y)), thus defining a metric on G. We saw in 
section ^]2| that a choice of a metric on was equivalent to choosing a connection 
on N —>■ N/H. In this section we will explicitly identify this connection. 

Let gab = {{Ta,Tf,)) where {Tj} is a basis for g . We can write the Hamiltonian 

as 

Ho{9,p) = lg''paP, + Vig), (4.7.3) 

where g°'^gbc = the {pi} are coordinates on T*G in the left trivialization 

(|2.1.12|) . The corresponding Legendre transformation ¥L is {g,v^) — {g,Pj) where 
Pj ~ Sja"^" (g^v) E G X g represents Ag*f G TgG. 

We denote the momentum map for the right action of H on T*G by Jh- From 
( PXrq ) we find for, X G h, 

{Mg,p),X) = {p,X). (4.7.4) 

So Jjj{g,p) = p^ where / = 1,. . . ,dH- From the definition of I ( |2.2.2| ) we have 
K9)iJ = giJ- To calculate a\g, v), note that the choice of a reductive decomposition 
means that g^'^ = 0, for /3 = rf// + 1, . . . , do- Thus, we readily find 

a\g,v) = v^. (4.7.5) 
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We see that a is the canonical connection on G ^ G/ H . The canonical connection, 
for this bundle is defined to be the h component of the canonical (Maurer-Carter) 
one-form on G with respect to the decomposition g = h © m (e.g., see [^). Ex- 
plicitly, uj = Ti ® 6^ , where {6^} are left invariant one-forms as defined in section 
pTT| using a basis of g* which is dual to the basis {Tj} of g, i.e., {d°',Th) = 6^. If 
{g,v)L G G X g represents the point Ag*f G TgG then we have u!{\g^:V) = Tjv^ . I.e., 
= , in agreement with ( [4.7.5|) . The one-form on G is then just 



= fii9'. (4.7.6) 

It is easy to see that the trivialization of T*G ~ x h* induced by ( |2.3.2| ) 
corresponds to the left trivialization of T*G in (|2.1.12|) where G* ~ G x m*. This 
allows us to rewrite (|2.4.5|) as 

{J{g,p),iX,u)) = {nUg) ■ P,X) + {u,aig)a), (4.7.7) 

where {X,u) G C{Q) ^ g x l^* and a is the representation of G on V. We regard 
J as a momentum map for the left action of Q on T*G. In passing we note that as 
Q is finite-dimensional, C{Qy is foliated by symplectic leaves which are the coadjoint 
orbits. If the explicit form for the coadjoint action of Q on C{Q)* is considered, (e.g., 
see [0) it is easy to see that the coadjoint orbit T^coiG) ■ ci), where (z/, a) G g* x V, 
is contained in (g*,(j(G)a) which is exactly J{T*G). Hence the symplectic leaves 
in J(T*G) are coadjoint orbits. Thus, by the arguments of section p.4| is a 
symplectic diffeomorphism which maps the symplectic leaf G (m* x O^) to the 
symplectic leaf HcoiQ) ■ a) where G g* such that z/ f h = /i G h*. Explicitly, 

Jt.[g,p]H = {nUg)-P,cr{g)a) G £{0)* ^ g* x V, (4.7.8) 

where [g,p]H E G Xh (m* x O^). This gives an elegant alternative proof of a 
previously known result PT[] . 

4.7.2 The case G = SU(2), H = U(l) 

We can parametrize SU(2) using the Euler angles {(j),9,x)- 

where aj = l/2iaj, the {ctj} are the Pauli spin matrices, 0<^<7r, O<0<27r and 
< X ^ 47r. We regard = U(l) as the subgroup 

i7 = {^?(0,0,x):0<x<47r}. (4.7.10) 
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There is a standard homomorphism (e.g., see [0) a : SU(2) S0(3) given by 
a(M)jfc = l/2tr(crj'ucrfc'u^^). In the parametrization above this gives 

x) = a{g{<P, 6, x)) = e-t^^^e-'^^e-^^K (4.7.11) 

Here [Ai\jk = —Sijk and ( |4.7.11| ) is the standard Euler angle parametrization of 
S0(3). The subgroup U(l) C SU(2) is mapped by a to the subgroup G(0, 0, x) — 
S0(2) whilst the kernel of a is just ±1 C U(l). Hence we can see that a drops to a 
map on the quotient spaces SU(2)/U(1) SO(3)/SO(2). This is readily observed to 
be a diffeomorphism; thus SU(2)/U(1) ~ S^. We can use a to give a representation 
of SU(2) on R^. Clearly the orbits of SU(2) in R'^ are then spheres (or just the origin). 
Thus by choosing G=SU(2), H=\J{1) and V = so that g =SU(2)kr3* we satisfy 
Isham's requirements for Q. We use the measure du = sin 6 d(j) A d6 on S*^. Note that 
this is G- invariant. 

It is a standard result that the derived map a' : su(2) so(3) is an isomorphism 
with a'{ai) = Ai, e.g., see [|]. Further, the adjoint action, TCad, of S0(3) on so(3) ~ 
R'^ is the usual one, i.e., using {A^ : i = 1,2,3} as a basis for so(3) then if p G 
R'^ ~ so(3) and g G S0(3) then TTadid) ■ P = 9 ■ P, e.g., see Similarly regarding 
so (3)* ^ R'^, we have TTco{g) - p = g-p- We can now write down an explicit expression 
for (|T|). We have 

JA9,p]h = (oiig) -P^aig) ■ Go), (4.7.12) 

where we have used the fact that a'{7!'co{g)-A) = 7!-co{o:{g))-(y'{A). Here ao = (0, 0, 1)"^ 
so, as is standard, we are taking to have unit radius. 

We can use ([4.6.7| ) to find explicit expressions for the derived representation dir^ 



where we are considering ir^ as representation for Q C Aut k C°°{Q). Of course, 
however, we must first find the representation vr^ of H which corresponds to the 
coadjoint orbit C h*. Since H is Abelian the coadjoint orbits are just single 
points; (9^ = {/i}. Finding the representation of H which corresponds to the orbit 
Ofj_ is a trivial example of the standard problem discussed in section |3.2| , since if^, 
the isotropy group of H, is just H. Writing for the homomorphism Xfj. of section 
p.2| , then, if the elements of if^ are written as e~^"^, < x ^ ^tt, we have from 

(iU) 

X^(e-'^"3) = e"'''"'', 2n G Z, (4.7.13) 
where we are regarding h* ~ R. Requiring to be a single- valued function on if^. 
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we see that the integrahty condition is 

/i = nh, 2n e Z. (4.7.14) 

The sections of the prequantum hne bundle B are identified with functions 

ip : H ^ C such that 

-^{hh') = X{h)ip{h'), h, h' e H, (4.7.15) 

and we obtain a representation vr^ of H on the sections of B by pulhng back the ip^s 
under right translation. In this trivial case we can, as = H, identify each ijj with 
some z E C via i/j{e) = z so {7T^{h)ip){h') = ip{h'h) = X{h)ip{h'). Hence 

7r^(e-^'^3) = e'"'^. (4.7.16) 

Thus, as expected, tt^ is an irreducible unitary representation of H. In this simple 
case the process of finding a polarization does not arise since is just a single 
point. 

We now turn to finding the induced representation n^. We can cover with 
the standard coordinate patches 

Mn = {{(j),e) e -.0 <e <7T/2 + e,0 <(t) <2tt}; (4.7.17) 
Ms = {{(f),e) e -.71/2-6 <e <2TT,0<(t)<2TT}, (4.7.18) 

where tt/2 > e > and {(f),6) are the standard spherical polar angles. Following 



Landsman [Q, we choose continuous sections sjm/s '■ M^/s ~^ SU(2), namely 

sjv(0,^) = g{<P,e,-cP)- (4.7.19) 
ss{<P.e) = g{^,e,(P), (4.7.20) 

so that Sat is continuous at the North pole {9 = 0) while ss is at the South pole 
{9 = n). On the overlap region fl Ms 

ss{<p,9) = sr,{<P,9)e-''^-\ (4.7.21) 

Before calculating the explicit form for the induced representations we first find an 
expression for the classical observables in local coordinates on each coordinate patch. 
Note that the symplectic leaf Po = G Xh (m* © {/i}) c:^ G Xh m*. 
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A section, s, of G/H G determines a trivialization of G Xh m* ~ T*(G/H) 



via 



[s{q)h,p]H = [siq),h-p]H 

{q,h-p) e G/H X m* 



(4.7.22) 
(4.7.23) 



as every g E G has a unique factorization g = s{q)h. So h ■ p represents a one form 
Pi9^ +P20^ = p^d(f) + pgd9 at q = q{(f), 6). Thus we need to find {^s^^<,(^,e)}- Starting 
with Si^{(j), 6), we find that the local form for the left-invariant one- forms is 




(4.7.24) 



where H'{(f)) = G(O,O,0). Identifying p 



Pi 

P2 





( \ 


j with 


P2 G we 




Us = / 



H'{—(f)) -p = p', where p' = '^^^ . Given {pe{q) , P(f>{q)) we find the corresponding 

\ Pe J 

element of G Xh m*, using either sn or ss, is [g{(f),9,0),p']H- We can now give 
(^4.7.121) explicitly; setting = /i so we are identifying G Xjj m* with G Xfj (m* x 
{/x}), we have 



Mpei^),PM) = {G{<P,9,oyp',G{<p,9,oyao) 
I 



\ 



( sin Q cos ( 
sin Q sin ( 

cos d 



( —pcf, COS cot 9 — pg sin (p + fi sin 9 cos q 
P(f, sin cot 9 + Pe cos + /i sin 6* sin </ 
p,j, + H cos ^ 

(4.7.25) 

Returning to the actual representations of Q themselves, we really require the 
derived representations. Let be the canonical basis for R^. Using ( |4.6.7 ) and 
setting = hd7r^{0,u^), immediately we find for ip^^^ E L'^{Mn/s,C), 



where q{ 



gV'^/^(0, 0) = gV'^/^(0, 0), (4.7.26) 
G{(f),9,0) ■ oq. Finding the expression dTT^{X,0) requires some 



calculation. However, Landsman p4[ has already done this for the very similar case 
of ^ = SO (3) K so we will not give the details. Recalling that fi = nh, we find for 
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d 



(L^^^/^) (0, = [ ( ? cos (j)cote^ + t sin 0^ - n^{l T cos 0) ) ^^/^] (0, ^) ; 



COS( 



sin 9 



(4.7.27) 



{^^jJ^/^){(j),e) = [{ i sin (f) cote— — I cos 



d_ 



d 



sm(p 
n— — -[1 =F cos( 



sin 9 



(4.7.28) 
(4.7.29) 



The term div in ( ^.6.7| ) vanishes because if the vector field X is complete, div X = 
by the G-invariance of u (e.g., see [Q). Also note that in the region the coordinate 
systems overlap, and are related by ( 4.6.5|) , namely 



(4.7.30) 



The action of the generators of SU(2), detailed above, agree with those given by 
Landsman |^ for SO (3) except that here half- integer values of n are allowed, which 
reflects the fact that we are using SU(2) rather than S0(3). 

We can now give the quantization explicitly. Using ( [4.7.25] ) together with ( [4.6.8] ), 
we have 



—Pff) cos cot 6* — sin + /i sin 6 cos 
—Pff) sin cot 9 + pe cos + sin 6* sin 

+ cos 9 
sin 9 cos 



sin 9 sin 

cos 9 



(4.7.31) 



where the action of {g*} and {Li] on the respective coordinate patches is given in 
([4.7.261) and ( [4.7.27[) - ([4.7.29| ). Note that this is the quantization obtained when vr^ 
is restricted to Q and thus ( [4.7.31[) does not give the quantum operators for all the 



44 



observables that could be quantized. It is, of course, straightforward to calculate 
from ( |4.6.7|) the quantum operators corresponding to these other observables but, 
for simplicity, we have just restricted ourselves to the ones corresponding to Q via 



4.8 Conclusion 

We have now achieved our aim of matching a preferred class of observables with their 
quantum operator counterparts in a way which satisfies the quantum conditions 
(Qi) to (Qiii) given in section |1], i.e., eq. ( |4.6.8| ). Although having used the method 
of geometric quantization we have managed to cast our results for the quantum 



operators in the language of representations rather than the form, given in ( |3.1.2|) , 
which is usually generated by the geometric quantization approach. Thus, our results 



can be considered to be a generalisation of Isham's |T8[ approach {modified in view 
of the results of section ^77| ) in that, firstly, they are applicable in the case of a 
non-homogeneous configuration space; and secondly, we now have a representation 
of Aut K C^iQ) rather than G k V* C Aut A^ k C^iQ) and we thus have a 
correspondingly larger class of physical observables that can be quantized. 

Finally, for a particle in an external Yang-Mills field, the role of the connection 
a is now transparent. Note that we can regard a to be given by the classical Hamil- 
tonian Hq on T*N since Hq implicitly gives the metric on A^ which then determines 
a. Firstly, the obvious role of the connection is in the quantum Hamiltonian Hn. 
Turning to the quantizing map Qn, however, we see that this map is independent of 
the connection. This follows since, for the symplectic leaves of {T*N)/H, we could, 
given G h*, write the corresponding symplectic leaf as {J^^{0^)) / H which is 
defined without recourse to the connection. This is the reduced phase space of the 
particle. Similarly both the map and the derived representation dir^^ are defined 
without regard to the connection. (Recall that right hand side of ( ^4.6.7] ) is indepen- 
dent of the connection used.) Thus, as claimed, the quantizing map is independent 
of the connection and, in fact, there is only one set of quantum operators, labelled 
by /^(Aut A^ tx C'q{Q)). Where the connection comes in, is that it allows the 'exter- 
nal' and 'internal' classical variables of the particle to be explicitly identified, i.e., it 
determines the local form of given in ( 2.4. 10| ) where the {q"'iPp) are considered as 
'external' variables and v represents the 'internal' variables. Thus, the connection 
determines the way in which the quantum operators are interpreted at a physical 
level. 
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